On a noncommutative space of rank-1, we construct a codimension-one soliton explicitly and, in the context of noncommutative bosonic open string field theory, identify it with the D24-brane. We compute the tension of the proposed D24-brane, yielding an exact value and show that it is related to the tension of the codimension-two D23-brane by the string T-duality. This resolves an apparent puzzle posed by the result of Harvey, Kraus, Larsen and Martinec and proves that the T-duality is a gauge symmetry; in particular, at strong noncommutativity, it is part of the U(∞) gauge symmetry on the worldvolume. We also apply the result to non-BPS D-branes in superstring theories and argue that the codimension-one soliton gives rise to new descent relations among the non-BPS D-branes in Type IIA and Type IIB string theories via T-duality.
In a series of recent important developments [1, 2, 3] , it has been noted that noncommutative field theories in various dimensions arise quite naturally at various corners of the moduli space of nonperturbative string theories, especially, when a nonzero value of the NS two-form potential B 2 is turned on, inducing noncommutativity on the open string dynamics.
Among the most interesting developments are noncommutative solitons, in particular, in the context of the string theories. At infinite noncommutativity limit, Gopakumar, Minwalla and Strominger [4] have constructed explicit forms of static solitons by utilizing an isomorphism between fields on noncommutative plane and operators on a single-particle Hilbert space, H θ -viz. the Weyl-Moyal correspondence 2 . The method of [4] were adapted by Harvey, Kraus, Larsen and Martinec [6] and Dasgupta, Mukhi and Rajesh [7] to bosonic string and superstring theories, respectively, and have constructed a noncommutative version of D-branes, supporting the viewpoint that D-branes are built out of solitonic lumps of tachyon living on higher dimensional D-branes [10] . The result of [6, 7] has an important implication for Sen's conjecture [9] concerning universality of the tachyon potential in that, in the limit of infinitely strong noncommutativity the level-zero truncation yields exactly Sen's conjectural relation between the D-brane tension T D and the height of the tachyon potential V (T ):
In Ref. [6] , in the infinite noncommutativity limit, bosonic D-branes were constructed explicitly only for those of even codimensions, viz. D23-, D21-, ... D1-branes but the rest, viz. D24-, D22-, ..... D0-branes, were left out. In the commutative limit, all Dp-branes are on equal footing, as they are constructed out of the tachyon field as localized energy lumps of both odd and even codimensions. It is highly unlikely that, for some mysterious reasons, the D-branes of odd codimensions are suppressed relative to those of even codimensions as noncommutativity is turned on. How then do the D-branes of odd codimensions arise in the infinite noncommutativity limit? In this Letter, we point out that, in both bosonic string and superstring theories, D-branes of odd codimensions can be constructed by applying a U(∞) symmetry transformation. It has already been emphasized in [6] that the U(∞) symmetry arises as a gauge symmetry on the worldvolume of noncommutative D-branes. Moreover, the D-branes we will find are T-dual to the ones found in [6] . As such, our result may be interpreted
as showing 3 that the T-duality, known to be a discrete (gauge) symmetry in compactified bosonic and Type II superstring theories, is actually a part of the U(∞) gauge symmetry of the noncommutative D-branes. We will begin with posing an issue concerning noncommutative Dp-branes in bosonic open string theory. In doing so, we will bring up the puzzle concerning missing Dp-branes for p=even more explicit. At level-zero truncation, the bosonic open string field theory is described by the action of the tachyon field T :
in which the tachyon potential V (T ) is taken of the form
with a maximum at T 0 and a minimum at T = 0. The constant C is related to the tension of the D25-brane T 25 and the closed string coupling parameter g st as:
and G st , G µν refers to the open string coupling and metric, respectively. The ⋆-subscript refers to the fact that field products are defined in terms of the noncommutative Moyal product:
Let us assume that noncommutativity is turned on along the y = (y 1 , y 2 ) directions only and has the strength θ 12 = θ 21 ≡ θ. We shall be mostly interested in the infinite noncommutativity limit: θ → ∞. Rescaling the y-coordinates along the noncommutativity directions as y = √ θx, both in the quadratic gradient term and the cubic tachyon interaction term Eq.(2), the action Eq.(1) can be recast as
where µ.ν = 0, 3, 4, · · · , 25, V (T ) refers to the tachyon potential in which T is simply set equal to T , and the ellipses denote subleading terms of order O(1/θ). The ⋆-subscript now refers to the rescaled Moyal product
The equation of motion is then given by
which, in the static and translationally invariant case, reduces to
4 Later, we will readdress the precise nature of the θ → ∞ limit.
In [4] , a rotationally invariant static soliton satisfying Eq.(7) was found:
The tachyon field interpolates between T = 2T 0 , twice of the value of the potential maximum, and T = 0, the closed string vacuum. The solution thus describes an object of (23 + 1)-dimensional worldvolume, which can be interpreted [6] as a noncommutative version of the bosonic D23-brane.
As shown in [6] [4] and [6] . The systematics is based on the so-called Moyal-Weyl correspondence -the equivalence between the configuration space of fields on a noncommutative space whose algebra is defined in terms of Moyal-product and the Hilbert space of Weyl-ordered operators in one-particle quantum mechanics. Consider a scalar field T (x) defined on a noncommutative plane with the associated Moyalproduct Eq.(6). The Fourier-mode function T (k) is defined by the equation
Consider now operators x 1 , x 2 satisfying the Heisenberg algebra
Built out of the operator algebra is an auxiliary Hilbert space H θ of an auxiliary one-particle quantum mechanics. Given an operator T ( x) acting on H θ , one can define its Fourier-mode function as:
The Moyal-Weyl correspondence then refers to the equivalence 5 between the ⋆-product algebra of T (x) and the operator algebra of T ( x) under the condition that the Fourier mode functions are set equal:
It then follows straightforwardly that
In particular, the equivalence implies that static solitons are obtained in the operator formulation as distribution of critical points of the tachyon potential 6 among the set of one-dimensional projection operators in H θ -an important observation made in Ref. [4] and used in the context of D-branes in [6] , [7] and [8] . Stated as above, the Moyal-Weyl correspondence does not specify at all what basis one needs to choose for the auxiliary Hilbert space H θ . In fact, no specific Hamiltonian of the analog one-particle quantum mechanics is specified either. It is clear, however, that the choice of the basis should reflect additional information on the phase space labelled by x such as symmetries, presence/absence of boundaries, etc. As such, in what follows, we will consider two elementary choices of the basis -simple harmonic oscillator basis and plane-wave basisand propose to identify them with D-branes of codimension even and odd, respectively. As the first choice, let us take the energy eigenbasis {|n , n = 0, 1, · · ·} of a simple harmonic oscillator as the 'auxiliary' one-particle quantum mechanics. The basis is built out of creation and annihilation operators:
where λ is a free parameter. They are defined by the following action on the Hilbert space H θ :
The most general projection operator in the subspace spanned by the first N eigenstates is given by
C mn |m n| with n C mn C nq = C nq and m C mm = 1. 6 In the case of Eq.(2), the critical points consist of {0, T 0 }.
The conditions on C mn 's are imposed to ensure the projection operator properties: P · P = P and Tr P=1. As a simple choice with 'zero' angular momentum (that is, a diagonal projection operator), let us take
From Eq. (9), one easily finds the corresponding Fourier mode-function P n (k) as:
where L n denotes the n-th order Laguerre polynomial. Using (10) and inserting the Fouriermode function into Eq. (8), one obtains the Weyl-Moyal (inverse) map P n (x) of the projection operator:
From this the static noncommutative soliton of codimension-two can be constructed as T (x) = T 0 P n (x). One can check straightforwardly that P n (x) continues to satisfy the properties of the projection operator: P n (x) ⋆ P n (x) = P n (x) and d 2 x/(2πθ) P n (x) = 1. The solution Eq. (7) corresponds to (a) the choice of n = 0 among all possible codimension-two solitons in Eq. (12) and (b) the rotationally symmetric choice of the λ-parameter, λ = 1.
As the second choice, we will take projection operators related to the 'plane-wave' basis {|p } of the Hilbert space H θ . In H θ , the 'plane-wave' basis is defined by
The most general projection operator is given by
and dp 2π C(p, p) = 1.
A simple choice for a 'monochromatic' projection operator would be
To be precise, | p 0 is to be taken not as a strict monochromatic wave of momentum p 0 but as a wave-packet built around mean-value of the momentum p 0 and nonzero, finite variance. These conditions are necessary in order to ensure p 0 | p 0 = 1 and to avoid complications associated with delta-function (instead of square-integrable) normalizability as well as subtle issues concerning infinite noncommutativity and large deformation, which will be elaborated later. For definiteness, we may define | p 0 operationally in terms of the following wave-packet:
To obtain the monochromatic plane wave state, we let σ → 0 in the end with a suitably defined limit procedure. It is straightforward to compute, as before, the Weyl-Moyal (inverse) map P p 0 (x) of the projection operator Eq.(13). The result is
One easy finds that, as σ → 0, the above function approaches
consisting of a delta-function in x 2 -direction while all dependence on x 1 -direction disappears.
Here, R 1 is a suitably large radius of the x 1 -direction and the factor 1/(2πR 1 ) is to take care of the requisite normalization condition, where the 'box cut-off' R 1 is related to the 'Gaussian
From Eq.(15), one obtains a soliton of codimension-one as T (x) = T 0 P p 0 (x). The profile of this soliton is very different from that of the circularly symmetric soliton discussed previously. Eq.(15) represents, on the noncommutative plane, a kink rather than a vortex. We will shortly identify it as a D24-brane formed out of tachyon condensation on the D25-brane worldvolume.
Before doing so, we should point out the underlying philosophy of our construction. As mentioned before, various choices of orthonormal bases of H θ are related to one another by U(∞) transformations. As shown in [6] , the U(∞) transformations are in fact gauge transformations on the D-brane worldvolume. A one-dimensional projection operator is given by |ψ ψ| for any arbitrary state |ψ in H θ . What we found in the above construction is that the Weyl-Moyal map corresponding to different choices of |ψ takes generically very different shapes on the noncommutative plane, and are related to each other by gauge transformations. In fact, different choices of the basis |ψ are characterized by the Grassmannian associated with a single soliton:
.
For example, the various values of λ in Eq.(11) correspond to a one-parameter 'squeezed state' subspace in the above manifold. The corresponding tachyon solutions are related to one another by U(∞) gauge transformations
The U(∞) gauge transformations clearly respect the projection operator properties: (P ⋆ P)(x) = P(x) and dx/(2πθ) P(x) = 1; they also preserve rank of the projection operator so that all points of a gauge orbit correspond to the same rank. Remarks similar to these and the possibility of squeezing deformation have been made in [4, 6] ; we have found here an explicit application of these ideas to construct bosonic D24 branes.
As a concrete illustration of the U(∞) gauge transformation, we now map the codimensiontwo profile Eq.(12) to the codimension-one profile Eq.(15). This is achieved by recalling that the parameter λ is associated with the squeezing deformation, an aspect discussed already in [4] . One finds that the λ → 0 limit of Eq.(12) reduces exactly to Eq.(15) for the choice p 0 = 0. In fact, in this limit, the squeezing deformation parameter λ plays precisely the same role as the regularization parameter σ in Eq.(14). The opposite squeezing limit λ → ∞ yields again the same state as Eq. (15) At this point, we would like to discuss an important subtlety 7 in applying the U(∞) gauge transformation and obtaining the codimension-one, kink configuration. Recall that the action Eq.(5) was obtained by dropping terms involving derivatives along the noncommutative directions -both in the quadratic gradient term and in the cubic interaction term -by taking θ → ∞ limit. On the other hand, in applying the squeezing deformation over the Grassmannian M 1 and letting λ → 0, as described above, each derivative along the noncommutative directions is amplified by a factor 1/λ. Certainly, to retain the utility of the infinite noncommutativity and construction of the noncommutative D-branes via the Moyal-Weyl correspondence, one ought to take a controlled limit keeping θ eff ≡ λ 2 θ fixed, while letting θ → ∞ and λ → 0. In order to suppress all the terms involving derivatives along the noncommutative directions, it is necessary to take θ eff ≫ 1. In fact, one easily finds that, once the squeezing deformation is taken, the new expansion parameter in Eq. (5) is set by θ eff instead of θ. It is interesting to consider whether such subtleties involving large spatial derivatives arise in some other parts o f the Grassmannian M 1 as well. We expect that the standard large-θ limit can be taken only in the interior of the Grassmannian M 1 , but not along the boundary. As the boundary is approached, the large-θ constructions would in general require a suitably controlled scaling such as the one we have defined above.
Having obtained a codimension-one profile, we are naturally led to identify the soliton Eq.(15) with a noncommutative version of the bosonic D24-brane. To ascertain this identifica- 7 We would like to thank E. Witten for pointing out to us the importance of this issue, which has already been discussed in [8] .
tion, we will now calculate the tension of the codimension-one soliton and compare it with the known string theory result. For a static solution, the action is simply the time interval times the mass, so the soliton mass can be equivalently calculated out of the action. We will calculate the action Eq.(5) for the tachyon field T sol (x, y) = T 0 P p 0 (x) where P p 0 (x) is given by Eq.(15). To be specific, we will take the closed string background as
From the definition of the open string coupling G st and the open string metric G µν [3] , one finds (cf. [6] ) in the large θ limit
Using the results that
we find that the action Eq.(5) is evaluated to
This agrees with the action of the codimension-two soliton evaluated in [6] , reflecting the U(∞) gauge invariance mentioned above, dx/(2πθ) U(
In [6] , the action Eq.(18) and the corresponding tension were interpreted as those of a D23-brane extending along y 3 , . . . , y 25 . The symmetries of our codimension-one soliton are those of a 24-brane, extending along x 1 , y 3 , . . . , y 25 directions. We will now show that, it is actually a D24-brane living in the T-dual geometry where T-duality is performed along the x 1 direction.
The closed string geometry T-dual to Eq.(16) is given by
Our assertion would follow if the worldvolume action of a D24-brane extended along x 1 , y 3 , · · · , y 25 in the T-dual background Eq.(19) is exactly the same as the action obtained from the tachyon soliton of codimension-one, Eq.(18). Begin with noting that the pull-back of the T-dual geometry on the D24-brane worldvolume is given by
while pull-back of the B-field on the worldvolume vanishes. The worldvolume action of a D24-brane is therefore reduced to
where T 24 is the tension of a T-dualized D24-brane, given by
Using the fact that dx 1 √ g 11 = 2π/R 1 , we get
This is exactly the same as Eq. (18), as
Hence, we have demonstrated that the codimension-one soliton Eq.(15) is indeed the noncommutative version of D24-brane. Moreover, as in the D23-brane case [6] , we have also found that the exact value of the D24-brane tension (T-dualized) has come out of level-zero truncation. Putting all the above together, we interpret the result as follows. The noncommutative D24-brane on a circle we have constructed exhibits precisely the same properties as a noncommutative D23-brane distributed on a T-dual circle. As both D-branes have the same rank and are unitarily related to each other by (a subset of) U(∞) gauge transformation on M 1 , we have essentially shown that the T-duality, which is known to be a gauge symmetry in bosonic string theory, is in fact a part of U(∞) gauge symmetry, at least in the large noncommutativity limit. In infinitely strong noncommutative limit, solitons formed out of tachyon condensation can come with two varieties: (1) codimension-two solitons studied in [6, 7] or (2) codimension-one solitons proposed in the present paper.
For the case (1), even though the solitons are objects of codimension-two, they ought to be identified with circular ring of codimension-one, BPS object. This is because, as shown in [7] , the Chern-Simons term on non-BPS Dp-brane involves a coupling
where C RR p is the Ramond-Ramond p-form potential. Inserting the noncommutative tachyon profile T sol (r) = T 0 P 0 (r), one finds that the above coupling yields
Using the fact that dr P ′ 0 (r) = −P 0 (0) = −2, one gets precisely − Mp C RR p , implying that the soliton carries (minus) one unit of the Ramond-Ramond charge, viz. BPS D(p − 1)-brane. As the object is circularly symmetric, a natural interpretation of the codimension-two soliton would be that it is a ring of the BPS D(p − 1)-brane on the noncommutative plane. Thus, one can say that the codimension-two soliton formation is nothing but noncommutative counterpart of the Sen's kink formation.
For the case (2), we will now argue that the soliton ought to be interpreted as the non-BPS D(p−1)-brane of the T-dual, Type IIA/IIB string. To see this, let us evaluate the Chern-Simons coupling (21) for the codimension-one soliton profile T sol (r) = T 0 P p 0 (x). We get
In the present case, unlike the codimension-two solitons, dx 2 δ ′ (x 2 ) = 0 and hence the above Chern-Simons coupling vanishes. This shows that the codimension-one soliton carries no BPS(p − 1)-brane charge at all. Clearly, this should be considered as a non-BPS(p − 1)-brane which does not carry a RR charge. Furthermore such a non-BPS brane cannot be in the original IIA/B theory since that contains non-BPS p-branes. This implies that one must consider this non-BPS (p − 1) as living in the T-dual geometry (T-dualized along x 1 ), a fact that we found in the bosonic context by an explicit computation of the tension. Furthermore, repeating the earlier analysis in the bosonic string context [6] , one discovers that tachyon fluctuation δT (
induces a coupling of the form
This is indeed the correct form of the Chern-Simons coupling for a non-BPS D(p − 1)-brane localized at a point along the T-dualized x 1 -direction. Again, we have shown that the T-duality between Type IIA and IIB superstring theories, which is known as a discrete symmetry, is part of the U(∞) gauge symmetry arising in the large noncommutativity limit. We are grateful to M.R. Douglas and S.R. Wadia for useful discussions, and J.A. Harvey and E. Witten for important suggestions. We acknowledge warm hospitality of Theory group at CERN during this work.
